Despite the existence of co-orbital bodies in the solar system, and the prediction of the formation of co-orbital planets by planetary system formation models, no co-orbital exoplanets (also called trojans) have been detected thus far. In this paper we investigate how a pair of trojan exoplanets would fare during their migration in a protoplanetary disc. To this end, we start with an analytical study of the evolution of two planets near the Lagrangian equilibria L4 and L5 under a generic dissipation. Depending on the parameters of the disc, and the orbital parameters and masses of the planets, the system can either evolve towards the Lagrangian equilibrium, or tend to increase its amplitude of libration, possibly all the way to horseshoe orbits or even exiting the resonance. We then compare these results to a planetary system formation model that simulates the orbital evolution of the planets over the disc lifetime. We found that most co-orbital configurations are unstable during type I migration, except when the co-orbital pair is trapped in mean-motion resonance with another planet. Using hydrodynamical simulations we illustrate that in type II migration the L4 and L5 equilibria can be either attractive or repulsive depending on the disc parameters. The stability in the direction of the eccentricities and the inclinations is also studied.
Introduction
Among the known multiplanetary systems, a significant number contain bodies in (or close to) first and second order mean-motion resonances (MMR) (Fabrycky et al. 2014) . However, no planets were found in a 0 th order MMR, also called trojan or co-orbital configuration, despite several dedicated studies (Madhusudhan & Winn 2009; Janson 2013; Lillo-Box et al. 2018a,b) . The formation of the 1 st and 2 nd order resonances is generally explained by the convergent migration of two planets under the dissipative forces applied by the protoplanetary disc (see for example Lee & Peale 2002) . In the co-orbital case, the resonance is surrounded by a chaotic area due to the overlap of firstorder MMR (Wisdom 1980; Deck et al. 2013) . The crossing of this area generally results in the excitation of the bodies' eccentricities, leading to a collision or scattering instead of the capture into the co-orbital resonance.
Two processes that can form co-orbital exoplanets were proposed by Laughlin & Chambers (2002) : either planetplanet gravitational scattering, or accretion in situ at the L 4 /L 5 points of a primary. The assumptions made on the gas disc density profile in the scattering scenario can either lead to systems with a high diversity of mass ratio (Cresswell & Nelson 2008 , 2009 or to equal mass co-orbitals when a density jump is present (Giuppone et al. 2012 ). In their model, Cresswell & Nelson (2008) form co-orbitals in over e-mail: adrien.leleu@space.unibe.ch, CHEOPS fellow 30% of the generated planetary systems, with very low inclinations and eccentricities (e < 0.02). In several hydrodynamical simulations of the formation of the outer part of the solar system by Crida (2009) , Uranus and Neptune ended up in co-orbital configuration, while both being trapped in the same MMR with Saturn. In the in situ scenario, different studies yielded different upper limits to the mass that can form at the L 4 /L 5 equilibrium point of a giant planet: Beaugé et al. (2007) obtained a maximum mass of ∼ 0.6M ⊕ , while Lyra et al. (2009) obtained 5 − 15M ⊕ planets in the tadpole area of a Jupiter-mass primary.
The growth and evolution of co-orbitals has been studied as well. For existing co-orbitals, Cresswell & Nelson (2009) found that gas accretion increases the mass difference between the planets, with the more massive of the two reaching Jovian mass while the starving one stays below 70M ⊕ . They also found that inward migration tends to slightly increase the amplitude of libration of the co-orbital, while remaining within the tadpole domain. The divergence from the resonance accelerates during late migrating stages with low gas friction, which may lead to instabilities. Another study from Pierens & Raymond (2014) shows that equal mass co-orbitals (from super-Earths to Saturns) are heavily disturbed during the gap-opening phase of their evolution. In some cases, Rodríguez et al. (2013) have shown as well that long-lasting tidal evolution may perturb equal mass close-in systems. In this work we aim to better understand what causes the stability or instability of the co-orbital configuration during the protoplanetary disc phase. To do this we study the effects that planet migration, through interactions with a protoplanetary gas disc, has on the evolution of the coorbital resonance angle. We also examine the evolution of the eccentricities and inclinations of the co-orbitals as the planets migrate throughout the disc. Both the type I (when a planet is fully embedded in the protoplanetary disc), and the type II (when the planet is massive enough to significantly perturb the disc, i.e. open a gap in the disc) migration regimes are studied.
This paper is laid out as follows. In section 2, we describe the co-orbital dynamics in the absence of dissipation. In section 3, we develop an integrable analytical model of the co-orbital resonance under a generic dissipation and discuss the stability of the circular co-planar Lagrangian equilibria L 4 and L 5 in the direction of the resonant angle, the eccentricities, and the inclinations of the co-orbitals as a function of their masses and damping and migration time-scales. The application to type I migration is performed in section 4, first using a simple analytical model for the disc torque, then comparing to the long-term evolution in an evolving protoplanetary disc. The result of population synthesis and the effect of resonant chains on the co-orbital configuration will be discussed in that section as well. Finally, in section 5 we present preliminary results on the effect of the perturbation of the protoplanetary disc by the co-orbitals, using hydrodynamical simulations. We then draw our conclusions in section 6.
Dynamics of the co-orbital resonance in the non-dissipative case
In this section we describe the co-orbital motion of two planets of masses m 1 and m 2 around a central star of mass m 0 without any dissipative forces. For both planets we define: µ j = G(m 0 + m j ), and β j = m 0 m j /(m 0 + m j ), where G is the gravitational constant. We note a j the semi-major axis of planet j, e j its eccentricity, and I j its inclination. We use Poincaré astrocentric coordinates for both planets:
x j = Λ j 1 − 1 − e 2 j e i j ,x j = −ix j , y j = Λ j 1 − e 2 j (1 − cos I) e iΩj ,ỹ j = −iȳ j ,
where λ j , j and Ω j are its mean longitude, longitude of the pericenter, and ascending node of each planet, andx j andȳ j are the complex conjugates of x j and y j , respectively. The Hamiltonian of the system reads, in these coordinates:
H =H K (Λ 1 , Λ 2 ) + H P (λ 1 , λ 2 , Λ 1 , Λ 2 , x 1 , x 2 ,x 1 ,x 2 , y 1 , y 2 ,ỹ 1 ,ỹ 2 ) .
where H K is the Keplerian component and H P is the perturbative component due to planet-planet interactions taking into account both direct and indirect effects. The Keplerian component depends only on Λ j :
whereas the perturbative component depends on all twelve Poincaré coordinates. We do not need to express the explicit form of H P at this point but it could be seen as an expansion of the x j and y j variables around 0. H P can be obtained for example using the algorithm developed in Laskar & Robutel (1995) .
As we study here the 1 : 1 mean motion resonance, we place ourselves in the neighbourhood of the exact Keplerian resonance defined byλ 1 =λ 2 . The equations canonically associated with the Hamiltonian (2) hence read:
We note Λ 0 1 and Λ 0 2 are the solutions of equations (4) and (3). Λ 0 1 and Λ 0 2 are uniquely determined if we chose the exact Keplerian resonance which has the same total angular momentum than the studied orbit. At first order in e and I, the total angular momentum reads:
We can thus express Λ 
where ε = O((m 1 +m 2 )/m 0 ). We can also define the average mean-motion η associated to the exact Keplerian resonance by, at order 0 in ε:
where µ 0 = Gm 0 . We also define the associated semi-major axis:
Averaging the Hamiltonian near the co-orbital resonance
Since the mean motions n j of the two bodies are close at any given time, the quantity ζ = λ 1 −λ 2 evolves slowly with respect to the longitudes. The Hamiltonian (10) hence possesses 3 time-scales: a fast one, associated with the mean motion η and the mean longitudes, a semi-fast one, associated with the resonant frequency ν = O( √ ε) and the libration of the resonant angle ζ, and a slow time-scale (called secular), which is associated with the orbital precession and the variables x j ,x j , y j andỹ j . To emphasise the separation of these time-scales, we process to the following canonical change of variables (x j and y j remain unchanged):
The Hamiltonian now reads:
The separation between the time-scales allows for the averaging over the rapid angle Pousse (2013); Robutel et al. (2015) , we obtain the Hamiltonian:
The change of coordinates is close to identity so we can identify both sets of coordinates in first approximation: the new variables are given the same name as the previous ones.
The circular coplanar case
In the coplanar circular case, 1-dimension models of the 1 : 1 mean-motion (co-orbital) can be obtained taking x j = y j = 0 and developing the Hamiltonian (11) at second order in Z − Λ . The equation canonically associated with that Hamiltonian can be rewritten as a 2nd order differential equation (Érdi 1977; Robutel et al. 2015) :
The phase space of eq. (12) is shown in Fig. 1 . Out of the four fixed points of eq. (12), the collision (ζ = 0
• ) is not in the validity domain of the equation and will be ignored. ζ = 180
• is the hyperbolic (unstable) L 3 Lagrangian equilibrium, while ζ = ±60
• are elliptic (stable) configurations, the L 4 and L 5 Lagrangian equilibria. Orbits that librate around these elliptic equilibria are called tadpole, or trojan (in reference to Jupiter's trojan swarms). Examples of trojan orbits are shown in red in Fig. 1 . The separatrix emanating from L 3 (black curve) delimits trojan orbits from horseshoe orbits (examples are shown in blue), for which the system undergoes large librations that encompasses L 3 , L 4 and L 5 .
As previously stated, the libration of the resonant angle ζ is slow with respect to the mean mean-motion η. The fundamental libration frequency ν is proportional to √ εη. In the neighbourhood of the L 4 /L 5 equilibria (Charlier 1906) : Fig. 2 : On the left, the Eccentric Lagrangian equilibrium: e 1 = e 2 , 1 − 2 = ζ = ±60
• . On the right, the AntiLagrangian equilibrium. At first order in the eccentricities: m 1 e 1 = m 2 e 2 , 1 − 2 = ζ + 180
• .
Dynamics in the eccentric and inclined directions
In order to study the co-orbital dynamics for low eccentricities and inclinations, H P can be expanded in Taylor series in the neighbourhood of (x 1 ,x 2 ,y 1 ,y 2 )=(0,0,0,0), at 2nd order in x j , y j . This expansion can be written as (Laskar 1989; Robutel & Pousse 2013) :
where H 0 is given in appendix A, and H (2)
x and H (2) y are sums of quadratic monomials in (x j ,x j ) and (y j ,ỹ j ), respectively.
From this form we learn two things: at low eccentricity and inclination, the dynamics of the variables x = (x 1 , x 2 ) and y = (y 1 , y 2 ) are decoupled, and the dynamics of the variables ζ and Z are independent of x j and y j at first order. In the conservative case, the variational equations of x and y are given by Robutel & Pousse (2013) ; Robutel et al. (2015) :
with
where A x , B x , A y , B y are complex-valued functions of ζ and are given in Appendix A. B represents the complex conjugate of B.
The eccentric direction
The dynamics in the direction of the eccentricities is given by the system (15). Although the coefficients of the matrix M x are functions of the resonant angle ζ, ζ does not depend on the eccentricities at first order. One can hence evaluate M x at a fixed point of the (ζ,Z) variables (L 4 will be described here, results are equivalent for L 5 ), and study the dynamics of the x j variable in the neighbourhood of the L 4 circular equilibria. The eigenvector of the matrix M x (L 4 ) gives the direction of two remarkable families
Article number, page 3 of 20 A&A proofs: manuscript no. migration_coorb -The first eigenvector, paired with a null eigenvalue g − = 0, is tangent to the eccentric Lagrangian family (EL 4 ), for which e 1 = e 2 and ∆ = 1 − 2 = ζ.
-The second eigenvector, paired with the eigenvalue g + = 27/8(m 1 + m 2 )/m 0 η, is tangent to the AntiLagrangian family (AL 4 ). For low eccentricities, this family is tangent to m 1 e 1 = m 2 e 2 and ∆ = 1 − 2 = ζ + π.
Description of the dynamics at larger eccentricities can be found in Giuppone et al. (2010) ; Leleu et al. (2018) .
The inclined direction
The dynamics in the direction of inclination is given by the system (15).In opposition to the eccentric direction, we do not learn anything by evaluating M y at the L 4 equilibria since all of its coefficients vanish for ζ = 60
• . However, since the evolution of ζ is fast with respect to the secular evolution on the y j variables, we can obtain an approximation of the secular dynamics in the direction of the inclination for a given trajectory by averaging the expression of this system over a period 2π/ν Γ with respect to the time t.
We note that Im(B y (ζ)) = −A y (ζ) (see Appendix A). In addition, the real part of B y (ζ) is proportional to the expression ofζ (eq. 12), which is the derivative of a periodic function of period 2π/ν Γ . It's average value over 2π/ν Γ is hence null. As a result, the averaged M y can be written:
whereĀ y is the averaged value of A y (ζ) over a period 2π/ν Γ , see Fig. 3 . At ζ 0 = 60 • (Lagrangian equilibrium), A y = 0 and the system degenerate. IfĀ y = 0, we identify the two eigenvectors: -The first eigenvector, paired with a null eigenvalue s − = 0, is tangent to the direction I 2 = I 1 and Ω 2 = Ω 1 : the two planets orbit in the same plane, inclined by I 1 = I 2 with respect to the reference frame.
-The second eigenvector, paired with the eigenvalue s + = −i(m 1 + m 2 )ηĀ y /(2m 0 ), is tangent to the direction m 1 I 1 = m 2 I 2 and Ω 2 = Ω 1 + π: the inclination of both co-orbitals is constant and their lines of nodes slowly precess at the frequency s + .
We note that in the second direction the Oxy plane of the reference frame is perpendicular to the total angular momentum of the system (i.e. the Oxy plane is the invariant plane).
3. Stability of the Lagrangian equilibria L 4 and L 5 under dissipation
In this section we study the stability of the Lagrangian equilibria under a generic dissipation, assuming that each planet is subject to dissipative forces that can be modelled using migration and damping time-scales such that:
While the evolution of eccentricities and inclinations are modelled by simple exponential laws, τ aj depends on a j , as it is the case in analytic prescriptions of planet migration in protoplanetary discs (see section 4.1, and Tanaka et al. 2002) .
Model of the 1:1 MMR under dissipation
We start by developing an analytical model for the dynamics of the co-orbital configuration in the neighbourhood of the Lagrangian equilibria L 4 and L 5 in the dissipative case. We assume that the time-scales introduced in equation (18) are long with respect to the orbital period: 1/τ = O(ε).
To develop our analytical model, we head back to the Hamiltonian transformations that we described in section 2. Previous to the averaging of the Hamiltonian over the fast angle ζ 2 , the equation of motion were given by the equation canonically associated with the Hamiltonian H, eq. (10). NotingŻ d ,Ż 2,d ,ẋ j,d , andẏ j,d the effect of this dissipation on each variable defined in eq. (1) and (9), the equations of motion hence take the form:
The expression of
, and τ Γ can be found in Appendix B. Due to the dissipation, Γ is not a constant of motion any more. For now, we assume that Γ evolves as the total angular momentum of two planets remaining at the exact resonance through their migration:
We then perform the averaging of the equation over the fast angle ζ 2 . As the dissipative terms are independent from the fast angle, only the Hamiltonian component of the system is affected, and is modified in an identical way as the conservative case, eq. (11). In addition, we note thatŻ d andŻ 2,d are independent on the x j and y j variables, whilė x j,d does not depend on (y j ,ỹ j ), andẏ j,d does not depend on (x j ,x j ). The separation of the dynamics of the different degrees of freedom that we present in the conservative case (see the form of the Hamiltonian 14), is hence continued in the non-conservative case by the chosen model of the dissipative forces (eq. 18).
In the dissipative case, the equations of motion read:
for the the circular dynamics in the plane. In the x j and y j directions, we have:
where the M x , M y can be found in appendix A, whileẋ j,d andẏ j,d can be found in Appendix B.
Integrable model in the coplanar circular case
An integrable approximation of the equation of motion in the coplanar circular case can be obtained by expanding the equations (20) in the neighbourhood of the exact resonance. We process the following change of variables:
where the Λ 0 Γj are defined in equation (6). Λ 0 Γj evolves as the system would if it was at the exact resonance. As they are not constant, this change of variable is not canonical. We hence need to modify the equations (20) accordingly:
wherė
An integrable model is then obtained by expanding the system (23) in Z and Z 2 at first order:
with ∆(ζ) = √ 2 − 2 cos ζ. The expansion ofŻ d andŻ 2,d are given in appendix (B.5). We note that for this expansion to remain valid, Z and Z 2 have to remain small 1 . Finally, we rescale the variablesẐ,Ẑ 2 , x j , and y j by the total angular momentum Γ:
The variational equations of these new variables are given by: 27) in the plane, and
in the X j and Y j directions.
Stability of the Lagrangian configuration under dissipation
3.3.1. The circular coplanar case
We study the stability of the perturbed circular coplanar L 4 /L 5 equilibria. The systems (27) possess a fixed point only if Γ = 0 or τ Γ = ∞. As we are interested in the evolution of two planets in the co-orbital configuration thorough the evolution of the system, we will study the stability of 'partial' equilibria (see for example Vorotnikov 2002) by dividing the variables into two groups: the variables with respect to which the stability is investigated (Z, Z 2 , ζ), and the remaining variable Γ. We hence look for a partial equilibirum in the subsystem (27) in the neighbourhood of the known equilibrium of the conservative case ζ = ±π/3, Z = 0 and Z 2 = 0. Assuming a small departure from these equilibria, we inject the expansions ζ = π/3 + z, Z = Z L4 and Z 2 = Z 2,L4 in the system (27). Solvinġ z = Z L4 = Z 2,L4 = 0 at first order in , we obtain:
We note that under our assumption that 1/τ wj = O(m j /m 0 ) the displacement of the equilibrium in the direction ζ is proportional to ε 0 , and hence not necessarily small. The linearised system in the neighbourhood of this equilibrium is:
where
, and J 4 is the jacobian matrix of the system (27) computed at the equilibrium (29). We make a final change of coordinates that diagonalises the system (30). In this new set of variables (Z,Z 2 ,z), the equation of variation reads:
where f (z L4 ) is a function that depends on the position of the partial equilibrium, and has for value f (0) = 3. The linearised system with a diagonal matrix eq. (31) allows for a trivial application of results on the stability of the partial equilibrium solutionz =Z =Z 2 = 0 (see Appendix C):
The partial equilibrium is stable if the real component of the diagonal terms are all negative or null. From now on, we also make the assumption that positive real components induce a divergence from the partial equilibrium. We obtain, for ν ± , the classical resonant frequency in the neighbourhood of L 4 in the conservative case, plus a hyperbolic term that depends on the mass and the migration time-scales of the bodies. The attraction or repulsion of the L 4 equilibria depends on the sign of the real component of the eigenvalues (32), hence on the mass ratio m 2 /m 1 , τ w1 /τ w2 and the parameter K. Figure 4 represents the threshold value of K for which the equilibrium becomes repulsive (above the line of a given mass ratio) as a function of τ w1 /τ w2 ≈ τ a1 /τ a2 . These results apply to the neighbourhood of the L 4 or L 5 equilibria, hence to tadpole orbits with small amplitudes of libration, as they were derived from the linearised model (27).
We then check the validity of this criterion for different amplitudes of libration in the case m 1 = 10m 2 . We integrate the equations of the 3-body problem using the variable-step integrator DOPRI (Dormand & Prince 1980) . In addition, the migration of the semi-major axis is modelled using:
where r j is the position of the planet j with respect to the star. The tests were made using m 0 = 1, m 1 = 5 × 10 −5 , m 2 = 5 × 10 −6 , taking as initial conditions e j = I j = 0, a 1 = a 2 = 1 au and ζ 0 = 58
• , 50
• and 20
• . For each initial value of ζ, a grid of of cases were integrated for 
Stability in the X j direction
Similarly we study the stability in the direction X j , related to the eccentricity and the argument of periastron, in the neighbourhood of the L 4 circular equilibrium. The equation of variation of the variables X j are given byẊ = M X (L 4 )X, where X = (X 1 , X 2 ), and M X (L 4 ) is obtained from taking equations (28) 
where A X , B X and theẊ j,d can be found in Appendix (A). At first order in ε, M X (L 4 ) can be diagonalised, with the diagonal elements being:
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A. Leleu, G. Coleman and S. Ataiee: Evolution of the co-orbital resonance in protoplanetary discs Orbits in the neighbourhood of L 4 will tend toward e 1 = e 2 = 0 if τ e2 /τ a1 is chosen below both curves of a given colour. The solid lines represent the stability limit in the antiLagrangian direction, while the dashed one is the limit in the eccentric Lagrangian direction, see the text for more details. 
e 2 cos(ω 1 -ω 2 ) Fig. 6 : Examples of the evolution of the quantities e 2 and ∆ for different initial conditions. The black dashed lines represent the direction of the anti-Lagrangian configuration while the black solid line is the direction of the Eccentric Lagragian equilibria. In both cases, the initial conditions are ω 2 = ω 1 + π, I 1 = I 2 = 0, m 1 = 10m 2 = 1 × 10 −4 m 0 , a 1 = a2 = 1 au, e 1 = 0.1, e 2 = m 1 e 1 /m 2 and ζ = 60
• . Each trajectory is integrated for 20 Kyr, with the initial condition represented by the black triangle, and the colour code representing the time (blue at t = 0, yellow at 20 Kyr). On the left panel, τ e2 /τ a1 = 5, while on the right τ e2 /τ a1 = 20. In both cases, τ a2 /τ a1 = 0.01. 1/τ X− = 1/τ a− + 4/τ e− , and
In the conservative case, 1/τ e± = 1/τ a± = z L4 = 0, and we obtain g − = 0 and g + = i27/8(m 1 + m 2 )/m 0 η. The direction associated to these eigenvalues were described in section 2.3.1: the eccentric Lagrangian equilibrium, where e 1 = e 2 and 1 − 2 = ζ = ±π/3; and the anti-Lagrangian equilibrium, where m 1 e 1 = m 2 e 2 and 1 − 2 = ζ + π = ∓2π/3. Figure 5 shows the values of τ e2 /τ a1 for which the real component of the eigenvalues (36) vanishes, with respect to τ a1 /τ a2 . These plots were made using m 1 = 10 −4 m 0 , τ e1 = τ e2 m 2 /m 1 , and τ a1 = 10/m 1 . For a given mass ratio, the manifold e 1 = e 2 = 0 is attractive below the two curves of the given colour. Above the solid line, the system diverges following the anti-Lagrangian direction; while systems above the dashed curve diverge following the eccentric Lagrangian direction. Note that these curves were obtained using several assumptions on the relations between the masses and the damping and migration time-scales, and that the stability of the X j directions in the τ a1 /τ a2 , τ e2 /τ a1 plane depends greatly on these assumptions. Figure 6 represents the evolution of two configurations taken on the left border of Fig. 5 : τ a2 /τ a1 = 0.01. On the left panel, τ e2 /τ a1 = 5, while on the right τ e2 /τ a1 = 20. The stability in the X j directions is given by the position of the configurations relative to the blue curves of Fig. 5 . In both cases, the motion relative to the direction of the eccentric Lagragian equilibria (black solid lines in Fig. 6 ) is quickly damped as we are far below the dashed lines in both cases. As the quantity 1 − 2 converges toward 240
, which is the direction of the anti-Lagrangian equilibria, the eccentricity either decreases as this direction is stable (the left case is below the solid blue curve of Fig. 5 ), or increases if the anti-Lagrangian direction is unstable (the right case is above the solid blue curve).
We can also describe extreme cases for the stability in the X j directions: without loss of generality, we assume that m 1 ≥ m 2 (if not, we swap the indexes and study the neighbourhood of L 5 instead). For m 1 m 2 , equations (43) become:
In this case, the circular Lagrangian L 4 is always attractive in the direction of the eccentric Lagrangian equilibrium for τ e1 > 0, and the direction of the anti-Lagrangian equilibrium is repulsive only when:
, and
We can also study the special case m 1 = m 2 . In this case, the sign of the real part of the eigenvalues depends on the value of the square root in equations (43), which is either pure imaginary (1/(4τ − ) < g L4 ), or pure real (1/(4τ − ) > g L4 ). In the former case, both the eccentric Lagrangian equilibrium direction and the anti-Lagrangian one are attractive, while in the latter, different regimes are possible.
Stability in the Y j direction
We study the stability in the direction Y j , related to the inclinations and the ascending nodes of the co-orbitals, for
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Fig. 7: Examples for the evolution of I 2 and Ω 1 − Ω 2 . In both cases, the initial conditions are Ω 2 = Ω 1 + π + .3, I 2 = 2 • , m 1 = 10m 2 = 1 × 10 −4 m 0 , a 1 = a2 = 1 au, e 1 = e 2 = 0 and ζ = 60
• . Each trajectory is integrated for 20 Kyr, with the initial conditions represented by the black triangle, and the colour code representing the time (blue at t = 0).. On the left panel, τ I2 /τ a1 = 1, while on the right τ I2 /τ a1 = 30. In both cases, τ a2 /τ a1 = 0.01.
any amplitude of libration of the resonant angle. Equation (A.2) becomes:
At first order in ε, M Y (L 4 ) can be diagonalised, with the diagonal elements being:
1/τ X− = 1/τ a− + 4/τ I− , and
Note that the eigenvalues (41) have a similar expression to that in the direction of the eccentricity, eq. (36), but here the results are valid for any amplitude of libration in the trojan and horseshoe domains. The amplitude of libration affects the stability in the Y j direction through the value of A Y (see Fig. 3 ). The orbits can either be attracted toward I 1 = I 2 = 0, or diverge following m 1 I 1 = m 2 I 2 and Ω 2 = Ω 1 +π, or I 2 = I 1 and Ω 2 = Ω 1 , see section 2.3.2. Examples of convergence and divergence along m 1 I 1 = m 2 I 2 , Ω 2 = Ω 1 + π are shown in Fig. 7 .
Evolution in a protoplanetary disc: 1D approach
Planets are believed to form in protoplanetary discs. Gravitational interactions between the planets and their parent disc impact on the planets' orbital parameters, typically causing them to migrate, either inwards towards the star or outwards away from the star (Goldreich & Tremaine 1979; Artymowicz 1993; Papaloizou & Larwood 2000) . Planet eccentricities and inclinations are also affected by the interactions with the disc, typically causing them to be damped, forcing the planets to orbit their parent star on coplanar circular orbits (Cresswell & Nelson 2006; Bitsch & Kley 2010) . The orbital evolution of the planets is the result of various torque components from the disc acting on them, such as the Lindblad torque, corotation torque, and horseshoe drag (Baruteau et al. 2014) . As long as a planet is not massive enough so it does not perturb the disc considerably, the planet is so called to be in type I migration. But as it is growing, it starts to open a gap around its orbit, and once this gap is deep enough, it migrates in type II regime. In this section, we use the existing formula in the literature for calculating the type I torques on a planet and compare them with the results of the previous section. As only type I migration is studied here, these results concern planets typically up to a few earth masses, which do not significantly perturb the local gas disc.
Analytic model of type 1 migration
Tanaka et al. (2002) and Tanaka & Ward (2004) derived a linear model of the wave excitation in three-dimensional isothermal discs to obtain an analytical model for the torques induced by the Lindblad and corotation resonances. Following their notations, we consider a gaseous disc parametrised by its aspect ratio h and its surface density Σ(r), such that:
where H is the scale height, h 0 is the aspect ratio at 1 au and f is the flaring index, and
where Σ 0 is the surface density at 1 au and α parametrises the slope of the surface density. At first order in the inclination and eccentricity, we have:
for the evolution of the semi-major axis (Tanaka et al. 2002; Tanaka & Ward 2004) , with
is the Keplerian velocity of the planet.
Considering equations 44 and 45, and neglecting the effect of the eccentricity on the star-planet distance, τ w reads:
Assuming that in type I migration the effect of the planets on the disc is negligible (i.e. the planets do not open a gap), the effect of an isothermal protoplanetary disc modelled by equations 44 and 45 on the co-orbital configuration can be deduced from the expression of the time-scales τ a , τ I and τ e , injected in the real part of the eigenvalues (32), (36), and (41). 
Behaviour in the circular direction
As the two planets have similar semi-major axes at any time, we have τ a1 /τ a2 ≈ m 2 /m 1 , while K (defined in equation 18) is equal to:
In the neighbourhood of the exact equilibrium, the configuration diverges from the fixed point if the real component of the eigenvalue (32) is positive, and converges if it is negative. Injecting the relation τ a1 /τ a2 = m 2 /m 1 into expression 32, the real component of the eigenvalue is equal to zero on the curve represented in Fig. 8 . Above the curve, the configuration slowly diverges from the equilibrium. Under the curve, it converges toward the equilibrium. As we will see in section 4.2, K is generally above −1 in a typical protoplanetary disc, which would lead to most co-orbitals slowly getting out of resonance during type I migration.
Behaviour in the X and Y directions
As long as e h and I h, the eccentricity and inclination damping time-scales can be modelled by (Tanaka & Ward 2004) : the X j and Y j directions can be studied for a given value of τ a1 , h and the planetary masses. Figure 9 shows the critical value of e 2 such that the systems become unstable in the m 1 e 1 = m 2 e 2 , ∆ = ζ +π direction, leading to the increase of the eccentricity of the co-orbitals, for m 1 = 10 −5 m 0 .
On the other hand, Fig. 10 shows the critical value of I 2 such that the systems become unstable in the m 1 I 1 = m 2 I 2 , Ω 2 = Ω 1 + π direction, leading to the increase of the mutual inclination between the co-orbitals. For this plot, τ a1 = 3/m 1 and m 1 = 10 −5 m 0 were chosen.
Evolution in an evolving protoplanetary disc
The section above describes the evolution of the co-orbital resonance in a static environment, where migration timescales, eccentricity/inclination damping time-scales and disc parameters are assumed to be constant. However, protoplanetary discs do not remain static both radially and temporally, so therefore it is important to determine how the co-orbital resonance evolves in a more global, everchanging environment. Thus we now examine the behaviour of the resonance as the protoplanetary disc evolves on Myr time-scales, and also as a planet migrates from one region of a disc to another where the value of K can differ significantly. We use the disc model presented in Coleman & Nelson (2016b) , where the standard diffusion equation for a 1D viscous α-disc model is solved (Shakura & Sunyaev 1973) .
Temperatures are calculated by balancing viscous heating and stellar irradiation against blackbody cooling. We use the torque formulae from Paardekooper et al. (2010 Paardekooper et al. ( , 2011 to calculate type I migration rates due to Lindblad and corotation torques acting on a planet. The Lindblad torque emerges when an embedded planet perturbs the local disc material, forming spiral density waves that are launched at the Lindblad resonances in the disc. Corotation torques arise from both local entropy and vortensity gradients in the disc, and their possible saturation is included in these simulations. The influence of eccentricity and inclination on the migration torques and the damping of eccentricities and inclinations are also included (Cresswell & Nelson 2008; Fendyke & Nelson 2014) . These torques exchange angular momentum between the planet and the gas disc, and depending on their strength and direction can result in a torque being exerted on the planet, either inwards or outwards. Figure 11 shows the gas surface density (left panel), disc aspect ratio h (middle panel) and the calculated value for K (right panel) at 4 different times throughout the disc lifetime. The blue line shows the profiles at the beginning of the disc lifetime, with the red, yellow and purple lines showing the profiles at 1, 2 and 3 Myr respectively. The disc lifetime here was ∼ 3.6 Myr. Over the lifetime of the disc, the gas surface density falls as gas viscously accretes on to the central star, and through a photoevaporative wind that is launched from surface layers of the disc. This evolution can be seen in the left panel of Fig. 11 where the gas surface density drops over time. Near the end of the disc lifetime, shown by the purple lines in Fig. 11 , mass loss through photoevaporation begins to dominate over the viscous evolution of the disc, which forms the drop in surface density at ∼ 4 au. This has the effect of splitting the disc in to two parts, an inner disc that viscously accretes on to the central star and an outer disc that is removed through the photoevaporative wind.
Similar to the drop in gas surface density over the lifetime of the disc, the aspect ratio also drops. At the beginning of the disc lifetime, the aspect ratio is higher since the gas temperatures are higher due to viscous heating. As the gas surface density drops, the effect of viscous heating reduces, resulting in the gas temperature being determined by the stellar irradiation, causing the aspect ratio to fall to a baseline, that is determined through the irradiation from the central star, and is shown by the purple line in the middle panel of Fig. 11 . The variations in the aspect ratio between 0.2 and 2 au are due to the opacity transitions in the gas with temperatures of 130-1000 K, which corresponds to the regions of the disc where there are significant changes in the structure of water ice, and silicates. These opacity transitions impact on the local temperature and surface density profiles and can be seen slightly by the changes in the gas surface density slope in the left panel of Fig. 11 and also the changes mentioned in the aspect ratio in the middle panel of Fig. 11 .
The right panel of Fig. 11 shows the values for K throughout the disc, calculated using equation 50. As can be seen the value of K varies throughout the disc, not only in terms of orbital distance, but also over time as the disc evolves. This is unsurprising since K depends on the gradients of the gas surface density and aspect ratio, which are shown to be varied over the disc radially and temporally in the left and middle panels of Fig. 11 respectively. The blue line shows the variations of K at the beginning of the disc lifetime. The variations in K can be split into 3 sections. Firstly, in the region of the disc close to the central star, K is seen to drop from 1 to ∼ −3 and then back to ∼ 0. This is due to the variations in surface density seen for the blue line in the left panel of Fig. 11 . These variations appear when the local gas temperature exceeds 1000 K, causing potassium to ionise that allows magnetohydrodynamic (MHD) turbulence to fully develop, increasing local turbulence. This increase in turbulence gives rise to a sharp decrease in surface density as seen in the left panel of Fig.  11 , which causes K to become negative, shown by the drop in K to ∼ −3 at ∼ 1 au.
The second region of the disc, between ∼ 0.2-2 au, K is seen to vary between -1 and 1. These variations arise due to the changing surface density and aspect ratio slopes arising from the opacity transitions discussed above. For most of this region, K fluctuates between 0 and 1 indicating that co-orbital planets that migrate through this region will tend to slowly diverge away from the resonance. Near the outer part of this region, near where the water snowline inhabits, K falls to ∼ −1, mainly due to the negative aspect ratio gradient as seen in the middle panel of Fig. 11 . For certain mass ratios, this could allow co-orbital planets to slowly converge towards the resonance, instead of diverging away like they would if they were occupying a different region of the protoplanetary disc.
The final region of the disc, at distances greater than ∼ 2 au, show K to initially be increasing until it reaches a steady value. The increase in K shows where the disc transitions from being viscous dominated to irradiation dominated. In the outer parts of the disc, the surface density and aspect ratio gradients vary only by small amounts, remaining consistent. This allows K to remain stable around a value of 1.5, indicating that any co-orbital planets migrating in this region will be diverging away from the resonance, as they will be above the fits in Fig. 4 .
As the disc evolves, the active turbulent region moves to the inner edge of the disc before disappearing entirely as the gas temperature drops below 1000 K. The red line in Fig. 11 shows the gas surface densities, aspect ratios and corresponding K values after a time of 1 Myr, and it is clear to see the active turbulent region has disappeared. The region where the opacity transitions dominate the value of K now extend from the inner edge of the disc to ∼ 2 au. They have also reduced in variation compared to the blue line, now varying between -0.5 and 1. This is due to the weakening of the gradients in the aspect ratio as can seen by the very flat red line in the middle panel of Fig. 11 . The value of K in the irradiated outer region of the disc is also weaker compared to at the start of the disc lifetime. It also remains consistent as the gradients in surface density and aspect ratio vary negligibly. As the disc evolves further, K continues to move closer to 0. The variations in the opacity region continue as the region moves in closer to the central star.
The purple line in Fig. 11 shows K at the end of the disc lifetime. The variations in the opacity region have now disappeared due to the disc being completely irradiation dominated. The sharp change in K between 2-6 au shows the region where photoevaporation is dominating, forming a hole in the gas surface density as can be seen in the left panel of Fig. 11 . Whilst these K values are larger than before, there is only a limited amount of time remaining before the disc fully disperses, and migration time-scales are also much longer due to smaller gas surface densities, meaning the co-orbital configurations should change only slightly.
Whilst Fig. 11 showed how the protoplanetary disc evolves, and how that evolution impacts on K across the disc both radially and temporally, it is interesting to examine the evolution of a pair of co-orbital planets that are undergoing type I migration. Figure 12 shows the time evolution of two planets in a co-orbital configuration migrating in a protoplanetary disc. The masses of the planets are 10 and 5 M ⊕ for the primary and secondary respectively, giving a mass ratio of 2. The top panel of Fig. 12 shows the evolution of semimajor axis as the planets migrate through the disc, showing that they remain in co-orbital resonance, even when migrating from 10 au down to the inner edge of the disc. The bottom panel shows the values for the surface density gradient α (blue line), the aspect ratio gradient f (red line), and the corresponding value of K (yellow line) at the planet's location. As the planets originate in the outer irradiation dominated region of the disc, K has a value ∼ 1.75. But as the planets migrate in closer to the central star, they enter the viscous dominated region of the disc where the transition in opacities significantly impacts α and f , causing K to drop to below 0 for a time before rising back to just above 0. As the planets near the inner edge of the disc, K settles to just below 0. Whilst the planets are migrating through the different regions of the disc, they will either be converging towards the resonance or diverging away from the resonance, depending on the local disc conditions. Figure 13 shows the amplitude of libration (top panel) and the corresponding K' for the two migrating planets in Fig. 12 . K' corresponds to K -K fit where K fit is a rearrangement of the numerator of the second part of eq. 32:
where τ r and m r are equal to τ 1 /τ 2 and m 2 /m 1 respectively. In using K', it is easier to examine the behaviour of the resonance for a pair of co-orbital planets, as for any value of K' above zero, the resonance will be diverging, and for values below 0, converging. When looking at Fig. 13 , it can be seen that the amplitude of libration is increasing at the start of the simulation whilst K' ∼ 2. As the planets migrate into the inner regions of the disc, K' drops to begin fluctuating around 0. The first dashed line shows where the amplitude of libration begins to converge, and this lines up just after K' reaches negative values. This is expected from the analytical model in sect. 4.1. However, the analytical model uses the simplified type I migration torque formulae from Tanaka et al. (2002) , whereas the evolving disc model here uses torque formulae from Paardekooper et al. (2010 Paardekooper et al. ( , 2011 that includes a more accurate treatment of the corotation torque. Even thought the torque formulae used does not match the analytical model exactly, it is interesting to see that the behaviour of the co-orbital resonance matches what is expected from the analytical model, i.e. converging when K' is negative and diverging when K' is positive. Looking at the second dashed line in Fig. 13 , after ∼ 91 Kyr, the amplitude of libration has again begun to diverge. This happens just before K' returns to a positive value, again showing the impact that the complex corotation torque can have on the resonance, slightly deviating away from what is expected from the analytical model. Whilst figs. 12 and 13 showed how the co-orbital resonance evolves as a pair of planets migrate, it is important to examine whether the resonance survives upto and after the end of the disc lifetime. The planets migrating in figs. 12 and 13 migrated until they reached the disc inner edge, close to the central star. Whilst doing so, they generally moved away from the co-orbital resonance, eventually breaking out of the resonance. However global simulations of planet formation have shown that planets in co-orbital configurations cover a wide range of semimajor axes at the end of the disc lifetime (Coleman & Nelson 2016b,a) . Therefore we now examine the evolution of planets in co-orbital resonance near the end of the disc lifetime. Figure 14 shows the evolution of semimajor axis (top panel) and the amplitude of libration (bottom panel) as pairs of co-orbital planets migrate near the end of the disc lifetime. The mass of the primary was equal to 5 M ⊕ , and the secondary masses were 1, 2 and 5 M ⊕ . All pairs of coorbitals migrate in towards the central star, halting their migration after ∼ 0.7 Myr, when the disc underwent rapid dispersal due to a photoevaporative wind. It is noticeable that there are different migration speeds for the different pairs of planets. The equal mass pair (both 5 M ⊕ ) migrated the furthest, with non-equal mass pairs migrating significantly slower. This is due to the secondary planets having longer migration time-scales than the primary, forcing the pair to migrate at a slower rate. When looking at the evolution of the amplitude of libration as these planets migrate, it is clear to see that all the planets diverge away from the resonance, with the more equal mass pair diverging faster. This is expected, as looking at the second part of eq. 32, which shows in what direction and how fast the resonance converges/diverges, we can see that it is dependant on 1/(τ 1 τ 2 ). Since lower mass planets typically have longer migration time-scales, this quantity becomes very small, indicating that the speed of convergence/divergence will be slower than for more massive planets with shorter migration time-scales. The increase in the amplitude of libration for the equal mass pair (red lines) is also due to the pair of planets migrating in closer to star, attaining shorter migration time-scales, further increasing their divergence speed. After the disc dispersed, all pairs of planets remained on stable orbits, albeit with significant amplitudes of libration.
The planets shown by the red, blue and green lines in Fig. 14 ended as trojan co-orbitals. However, co-orbitals in horseshoe orbits are also seen to form in global simulations of planet formation (Coleman & Nelson 2016b,a) . We therefore ran an additional simulation where we used a 5 M ⊕ primary, and a 5 M ⊕ secondary, similar to the red line in Fig. 14, but we initially placed the planets apart by 50 o instead of 55 o . This increased the initial amplitude of libration, so that they would diverge away from the resonance quicker and into horseshoe orbits, whilst still migrating at the same rate. The black line in Fig. 14 shows the evolution of the amplitude of libration for the pair of planets that diverged from the trojan regime into the horseshoe regime. The migration of the pairs of planets nearly exactly follows the red line in the top panel of Fig. 14. It is clear to see the evolution from the trojan to the horseshoe regime in Fig. 14, where after ∼ 0.6 Myr, the black line quickly rises from ζ ∼ 150 o to ζ ∼ 320 o . The planets then continued to slowly diverge in the horseshoe regime as the disc evolved, until the disc dispersed after ∼ 0.7 Myr, where they remained in a stable horseshoe orbit.
As well as examining how the amplitude of libration evolves for a migrating planet, we also examine the case where the secondary planet is on an inclined orbit. Figure  15 shows the evolution of inclinations for a set of migrating planets. The primary planet here has a mass of 10 M ⊕ , with the secondary masses ranging between 0.1 M ⊕ and 2 M ⊕ , giving mass ratios m 2 /m 1 of between 0.01 and 0.2. All of the trojan planets were placed at an initial separation of 55 o and had an initial inclination of 10 o . For the lower mass planets, those with mass ratios < 0.1, their inclinations rise as the planets migrate, whilst the more massive planets with mass ratios > 0.1, reduce their inclinations as they undergo migration. This is consistent with what is shown in Fig. 10 , which shows the critical inclination for a pair planets that determines whether the inclinations converge or diverge towards equilibrium. Given that the initial inclination was 10 o , it is expected that a mass ratio of around 0.05 would be where there is little change in inclination. When looking at Fig. 15 , this is certainly the case, where the yellow line shows very little evolution in the inclination of a 0.5 M ⊕ planet (mass ratio of 0.05), consistent with the expectation from Fig. 10 . Obviously there is some deviation from the lines in Fig. 10 since they show the critical values for constant values of the aspect ratio h, whilst the planets evolving in Fig. 15 are migrating through an evolving protoplanetary disc, where h is changing according to the local disc conditions.
Population outcome
While sect. 4.2 examined the evolution of the co-orbital resonance in an evolving protoplanetary disc, showing that planets can maintain co-orbital resonances after the final dispersal of the disc, it is interesting to see how often these co-orbital resonances actually occur in a much larger suite of simulations. To do this, we searched for co-orbital resonances in a recent population of simulations which studied planet formation around low mass stars. The simulations initially began with a realistic range of initial conditions, such as disc mass and solid mass, and used a similar disc model to that described in sect. 4.2, but which had been adapted to being suitable for a low mass star (see Section 3 of Coleman et al. (2017) The main aim of these simulations was to examine the formation of planetary systems, through pebble or planetesimal accretion, around low-mass stars of mass 0.1M , similar to Trappist-1 and Proxima Centauri • degree. Other configurations are trojan. (Coleman et al in prep) . Initially in these simulations, a number of low mass planetary embryos (m p < 0.1 M ⊕ ) would be scattered throughout the disc, and would be able to either accrete pebbles or planetesimals, and also undergo type I migration. As the planets migrate they become trapped in resonant chains, typically involving first-order resonances, but could also become trapped in co-orbital resonances. As the systems evolve, the planets migrate to their final locations, sometimes maintaining their resonant chains and also their co-orbital configurations. The planetary systems are integrated for 3 to 5 million years after disc dispersal to allow the planetary systems to continue to evolve in an undamped environment.
We analysed the outcome of the 880 systems generated in the pebble accretion scenario and found co-orbitals in ≈ 13% of the final systems. Figure 17 displays all of these co-orbitals as a function of their semi-major axis and amplitude of libration at the end of the simulation. As expected, co-orbitals that migrated on their own and survived until the end of the disc lifetime tend to have a large amplitude of libration. However, the subgroup of co-orbitals that were trapped into a resonant chain with other planet seemed to be able to migrate close to the inner edge of the disc while retaining a small amplitude of libration.
Effect of resonant chains
The existence of trojans with small amplitudes of libration in the synthetic planetary systems described in section 4.3 prompted us to study the effect of resonant chains on the co-orbital configuration. A complete study of the stability of co-orbitals in resonant chains is beyond the scope of this paper, so we restrain this analysis to the effect of a single planet inside or outside of a co-orbital configuration, trapped in a 3:2 or 4:3 mean motion resonance (MMR). To begin with, we look at three examples where two co-orbitals (m 1 /m 2 = 6) are captured in a 4:3 MMR with an outer planet m 3 such that m 3 /m 1 = [1, 1.6, 2.5]. Figure  17 shows the evolution of the amplitude of libration as well as the eccentricity of the co-orbitals after their capture. In these three cases, the amplitude of libration, which was initially at ζ max − ζ min = 320
• , is quickly reduced down to a few tens of degree by the capture into the 4:3 MMR with the 3rd planet. However, past the first 2 × 10 5 years, the chosen examples exhibit three different behaviours: the blue case sees its amplitude of libration monotonically decrease over time, while the purple one keeps increasing after the first phase of the capture. In both of these cases, the eccentricities of the co-orbitals reach an equilibrium value, typical for two planets migrating in a first order MMR. The red case displays a more complex behaviour for both its amplitude of libration and eccentricities.
The effect of the relative masses between the co-orbitals m 1 and m 2 , and the 3rd planet m 3 is studied by integrating a grid of initial conditions, taking for the co-orbitals a 1 = a 2 = 1 au, ζ = 20
• (which yield an amplidue of libration of 320
• , hence a horseshoe configuration), and masses m 1 /m 2 in the [1 : 20] range. Both the 3:2 and 4:3 MMR are studied. The mass of the 3rd planet is m 3 = 3 × 10 −5 m 0 when it is at a larger semi-major axis than the co-orbitals, and m 3 = 1 × 10 −5 m 0 when it is at a smaller semi-major • . The colour code represents the amplitude at the end of the simulation. In most cases, the capture in MMR with another planet tends to greatly reduce the amplitude of libration of the co-orbitals' resonant angle. White pixels represent the systems for which the co-orbitals were not in the intended resonance with m 3 at the end of the simulation. See the text for more details.
axis. All eccentricities and inclinations are initially set to 0. τ aj = 10/m j , and τ ej = τ aj /150, which are consistent with the parameters of the disc described in section 4.2 and expressions 51. We set K = 0 (τ aj independent from a j ). Each initial condition (each set of masses) is integrated for 1.6 × 10 5 years, which corresponds to a migration down to ≈ .4 au for the co-orbitals, depending on the chosen masses.
Results are displayed in Fig. 18 and 19. In both figures white pixels represent the systems for which the co-orbitals were not in the intended resonance with m 3 at the end of the simulation. For the systems close to m 3 = m 1 , the planet didn't converge or didn't converge fast enough to reach the desired resonance during the simulation. For the other white pixels, the desired resonance was crossed but the capture didn't happen, or didn't hold.
In Fig. 18 , each pixel represents the final amplitude of libration of the co-orbital configuration for that set of masses. In almost all the studied cases, the capture into a mean-motion resonance with another planet led the coorbital configuration to greatly reduce its own amplitude of libration, going from horseshoe to trojan configuration. Figure 19 shows the evolution of the amplitude of libration of the co-orbitals once they are captured in the MMR with m 3 . The set of integrations is the same as in Fig. 18 comparing the amplitude of libration of the co-orbitals between t = [t max /3 : 2t max /3] and [2t max /3 : t max ]. Areas of blue/purple pixels follow a similar behaviour to the blue example of Fig. 17 , where the amplitude of libration keeps decreasing post-capture. Orange/yellow pixels show mass ratios for which the amplitudes of libration are, on average, increasing post-capture. For comparison, in absence of m 3 these co-orbital configurations would be diverging from the equilibrium for all values of m 1 /m 2 = (1 : 20], since in these examples, K = 0 (see Fig. 8 ). The dependency of the stability with respect to the mass ratios is obviously complex and will be the object of a future study. We can nonetheless see from Fig. 18 and 19 that resonant chains can have a stabilising effect on the co-orbital configuration.
Evolution in a protoplanetary disc: 2D hydrodynamical simulations
The torques applied on the planets in the previous section are obtained for a single planet embedded in a disc. When there is more than one planet in the disc, the surface density perturbations by the other planets can alter the torque on each individual planet (Baruteau & Papaloizou 2013; Pierens & Raymond 2014) . In this section we take this effect into account by running two-dimensional (2D) locally (Masset 2000) for a system with two co-orbital planets in different migration regimes.
Disc and planets
The disc in our simulations is extended radially from 0.3 to 2.5 au and azimuthally over the whole 2π. It is gridded into N r ×N φ = 873×1326 cells with logarithmic radial segments. The resolution is chosen such that the half horseshoe width of a 3M ⊕ can be resolved by about 6 cells. The surface density at 1 au is Σ 0 1777 g/cm 2 corresponding to 2 × 10 −4 in code units when the radial unit is 1 au and the mass unit is 1M . The aspect ratio and alpha parameter of viscosity are h 0 = 0.05 and α ν = 10 −3 for all of the models of section 5.2. The flaring index f , and surface density slope α, are chosen such that we can have our desired K value while the disc is in equilibrium viscously. These values will be mentioned in each section correspondingly.
Planets are initiated radially at r 1 = r 2 = 1 au and azimuthally at λ 1 = 0 (more massive one) and λ 2 = +50 or −50 degrees. The mass of the planets are increased gradually during the first 50 years to avoid abrupt perturbations in the disc while they are kept on circular orbits until t = 100 yr. The total time of the simulations is 2000 years. In order to have the consistency with the 1D simulations, we used p = 0.4h for smoothing the planet's potential.
Libration angle evolution for planets in type I migration
To examine how including the perturbations of the second planet on the disc can alter the results in Sect. 3, we consider three planetary systems with two co-orbital planets with masses m 1 , m 2 = [10, 10] 
The depth of the gap created by the highest mass in these simulations is not more than 20% and therefore the migration can be considered in type I. For each model, we ran two simulations, one with K > 0 and one for K < 0. The K values are chosen such that based on Fig. 4 , we expect to have divergence for the positive values and convergence for negative values. The details of the disc parameters are given in table 1. In all of these simulations, the second planet is initiated at λ 2 = +50 close to the L 4 point. In Fig. 20 , we plot the rate of change in the libration angle dζ/dt, averaged over the final 1000 years of the simulations, for each of the models. In spite of our prediction, both models for [10, 10]M ⊕ show convergence and in the rest of them with larger m 1 , the planets diverge from the Lagrangian point. This different behaviour between the 1D approach and 2D hydro simulations can only refer to the torque due to the presence of the other planet. For comparison purposes, we ran two simulations with a single planet having the mass 12M ⊕ and 6M ⊕ . In the upper panel of Fig. 21 , we compare the scaled torque (
) from the area in a ± ∆r on each planet between the single and co-orbital planets. All of the lines, two-planet model and single-planet models, almost overlap in the distance of one half horseshoe width of 12M ⊕ (x s12 ) from the planets' orbit. It means that the difference between the torque on single planets and coorbital planets does not come from the horseshoe drag. As we integrate farther from the planet's orbit, the dark green line (torque on the 6M ⊕ in the two-planet model) levels up from ∼ 2.5 until ∼ 7.5x s12 . The area between ∼ 2.5 and ∼ 7.5x s12 , which is marked by red and magenta lines in the lower panel of Fig. 21 , is located at the edge of the shallow partial gap created by the more massive planet. Because of the presence of m 1 at the left side of m 2 , the left side of the gap edge is more depleted from the right side (about 2%) that causes a slightly lower negative torque compared to the single model. Between ∼ 7.5 and ∼ 10x s12 , the torque decreases. In this region, the inner spiral of m 1 is getting closer to the planet and since it is on the left side, it exerts a small negative torque. After ∼ 10x s12 , the effect of this spiral vanishes because the positive torque from the continuation of this spiral to the right side cancels out the effect of the left side. The opposite holds for the 12M ⊕ .
As the lower-mass planet librates around the L 4 point, the distance between the planets changes and it causes some oscillations in the value of the torque. This is clearly visible in Fig. 22 which shows the torque on the less massive planet during one libration period for the model [12, 6]M ⊕ . Note that for larger m 1 /m 2 , the mass deficit asymmetry can increase until the gap edge is far enough from the planets.
This set of simulation shows that when the co-orbital planets are massive enough to significantly perturb the protoplanetary disc, not only the average torque applied on each planet differs from the torque that would be applied on single planets, but also that this torque depends on the value of the resonant angle ζ. The same colour solid lines represent the torque from the whole disc. The y-axis is the scaled torque and x-axis represents the distance from the planets' orbit in units of the half horseshoe width of the 12M ⊕ planet. Lower : The perturbed surface density. The horizontal lines represent the distances that are correspondingly marked in the upper panel.
Libration angle evolution for gap-opening planets
When planets are in type I, they do not open a deep gap and therefore, they feel the torque from their own and also from the spirals of the other planet (hereafter ex-spirals).
As we have shown, the asymmetry in the partial gap can affect the torque as well. In order to avoid the complexity of the partial gap and low-mass planet's own spirals, we ran three sets of simulations with m 1 = 1M Jup and m 2 = [1, 10, 20]M ⊕ . Note that since the low-mass planet is inside the gap of the massive one, no horseshoe drag applies on the low mass planet and therefore the horseshoe region need not be finely resolved. For each set, we initiated the low-mass planet once at λ 2 = +50 and once at −50 degrees. In all of these simulations, the disc has f = 0.175 and α = 0.85 that corresponds to K = 0.7. We plot dζ/dt in Fig. 23 for these models. It shows that all of these models with a gapopening planet diverge from L 4 /L 5 point, though the rate is smaller for the L 5 models. We present the torque analysis for the model with 1M ⊕ in the upper panel of Fig. 24 along with the disc surface density perturbation shown in the lower panel. Note that the torque in these models only comes from the Jupiter, either from the material accumulated in its Hill radius, or the spirals. As the lower panel of Fig. 24 shows, the spirals from the low-mass planet are so weak that they cannot be recognised in this plot. The upper panel shows that the torque on the low-mass planet has opposite signs when it is close to either the L 4 or L 5 point. We explain the torque analysis plot for the planet close to L 4 (right side) and the opposite argument is valid for the planet close to L 5 (left side). Following the dashed blue line, the (negative) torque increases until we reach the red line, where the gap edge is located. This indicates that the main torque (see the solid blue line) does not come from the material around the Jupiter. As we add the contribution of the material from the red to the yellow line, a large negative torque is exerted on the planet by the inner spiral which is locate at the left side of the planet. As we get further, the continuation of the inner spiral adds a positive torque but since it is farther than the section that was on the left side, it cannot change the torque considerably. The grey line marked where Note that the scaling in the upper panel is the Jupiter's Hill radius R H for the x-axis and Γ 0 calculated using the Jupiter's mass for the y-axis. The location of the planets in the lower panel are marked with + and × signs. Because the surface density perturbation is identical in both cases with λ 2 = +50 and −50, we only show the 2D surface density plot of λ 2 = +50 but showed the location of both planets for comparison. The solid vertical red, yellow, magenta, and grey lines, which mark the different distances from the planets' orbit for the model with λ 2 = +50, correspond to the horizontal lines in the lower panel. The similar dashed lines belong to the model with λ 2 = −50.
we reach to the inner edge of the disc, and therefore, the oscillations after the grey line comes only from the outer disc. The torque on the planet close to L 5 is stronger due to the stronger outer spiral.
For large planetary masses the mass scaled torque (torque divided by planet's mass) is identical for all of the planets because it is created by the same strength spirals. As we can see in Fig. 23 the stability (or at least the divergence speed) depends also on the mass ratio m 1 /m 2 , as was the case in section 3. Because the torque on the planets inside the gap comes from the spirals, the disc parameters (viscosity, aspect ratio, etc.) that change the strength and shape of the spirals or gap depth can also affect the stabil- ity at L 4 /L 5 points. In Fig. 25 we show the results from a few tests that examine the effects that changing the disc parameters has on the stability of a 10M ⊕ located close to the L 4 point of a Jupiter-mass planet. Seemingly, the stability of the planets inside the gap of a massive planet is a delicate trade between the disc parameters, although on this small set, lower viscosity and smaller aspect ratios seem to stabilise co-orbital configurations. We will investigate this topic thoroughly in a future study.
Summary and conclusions
In this paper we studied the stability of the co-orbital resonance under dissipation. In section 3 we developed an integrable model of the 1:1 MMR (at first order in e j and I j ) perturbed by a generic dissipation and derived the stability conditions of the L 4 and L 5 equilibria in the direction of the resonant angle, as well as the directions of the eccentricity. The stability in the directions of the inclination was also studied, for any amplitude of libration of the resonant angle in the co-orbital resonance. As these directions were shown to be decoupled from each other, we studied them separately. In the direction of the resonant angle, we showed that the dependency of the migration time-scale on the semi-major axis had a non-negligible effect on the stability condition, which otherwise depended on the mass ratio between the co-orbitals and the ratio of the migration time-scales. In the eccentricity and inclination directions, we showed that the manifold e 1 = e 2 = I 1 = I 2 = 0 could be either attractive, or repulsive in particular directions: the system can diverge out of the L 4 /L 5 circular equilibria by either following the eccentric Lagragian equilibria ζ = 1 − 2 ≈ 60
• and e 1 = e 2 , or the anti-Lagrangian equilibria 1 − 2 = ζ + π and m 1 e 1 = m 2 e 2 . In the direction of the inclination, the divergence can occur following either Ω 1 − Ω 2 = π and m 1 I 1 = m 2 I 2 , or Ω 1 = Ω 2 and I 1 = I 2 .
In section 4 we applied these results to the evolution of planets in protoplanetary discs. To do so, we assumed that the planets were small enough such that the perturbations of one of the planets on the disc was negligible when considering the torques acting on the other planet. In that case, the dissipation could be modelled by the generic expression used in the previous section. Applying these results to simplified type I torque equations, it comes out that most of the co-orbital configurations are unstable during the protoplanetary disc phase, meaning that the amplitude of their resonant angle increases during inward migration, leading either to large tadpole orbits, horseshoe orbits, or even break out of the resonance (results in agreement with those of Cresswell & Nelson 2009 ). Regarding the eccentricities and inclinations, the manifold e 1 = e 2 = I 1 = I 2 = 0 is attractive if the initial eccentricities and inclinations are low enough, and if the mass ratio m 2 /m 1 is not too small (> 0.01). These results are in good agreement with the simulations of co-orbitals in an evolving 1-D protoplanetary disc.
Analysing the results of synthetic exoplanetary systems however, we found that a significant number of close-in coorbitals were on stable orbits with small amplitudes of libration around the Lagrangian equilibria. The common point of these configurations is that the planets are caught in a MMR chain with other planets. Integrating 4 grids of initial conditions of co-orbitals trapped in 3:2 and 4:3 MMR with a third planet, with the co-orbitals either inside or outside of the third planet, we could show that indeed, resonant chains can stabilise co-orbital configurations that would be unstable on their own.
In the last section, we studied the evolution of the co-orbital configuration in 2-D hydrodynamic simulations which take into account the effect of both planets on the protoplanetary disc. This part of the study was limited to 6M ⊕ planets for resolution reasons. We found that even the partial gap generated by ≈ 10M ⊕ planets was enough to significantly change the torque applied on the planets compares to the 1-D case (results in agreement with those of Pierens & Raymond 2014) . In particular, the torque depends strongly on the value of the resonant angle, a dependency that was not considered in the previous sections. In this set of 6 simulations (see Fig. 20 ), we found that the configuration diverged from the exact resonance when m 1 = m 2 , and converged toward it for m 1 = m 2 . In another set of simulations we removed the material in the gap by using a Jupiter-mass as the most massive planet. In this case it appeared clearly that the variation of the torque felt by the smaller planets was mainly due to the spiral arms induced by the Jupiter. As different disc parameters change the shape and the strength of the spiral arms, the Lagrangian points of the Jupiter could be either attractive or repulsive depending on the chosen value of the aspect ratio and viscosity.
Overall, we found isolated pairs of low mass co-orbitals to be unstable during type-I migration in the protoplanetary disc phase and should have a rather large amplitude of libration around the lagrangian equilibria -or be in horseshoe orbit -if they didn't totally got out of the resonance. Albeit a large amplitude of libration makes the detection of the transit of a co-orbital companion harder, it increases their signature for adapted methods such as transit timing variations or radial velocities (RV) (Vokrouhlický & Nesvorný 2014; Leleu et al. 2015) , provided that the observation time span is long enough. We also showed that resonant chains can have a stabilising effect on the co-orbital configuration and might be a preferred target for the hunt of the first co-orbital exoplanet, using the transit method, although the two co-orbitals might not be coplanar, depending on their initial inclination. In this case a combination of transit and RV can be used to detect the co-orbital companion (Ford & Gaudi 2006; Leleu et al. 2017 ). Regarding planetary trojans of an exo-Jupiter, we found that the Lagrangian points of the Jupiter can be stable or unstable depending on the local parameters of the protoplanetary disc. The complexity of the problem calls for a detailed study in a dedicated future paper.
